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We consider scattering of a photon on a short intense laser pulse at high energy. We
argue that for ultra-short laser pulses the interaction is coherent over the entire length of the
pulse. At low pulse intensity I the total cross section for electron-positron pair production is
proportional to I. However, at pulse intensities higher than the characteristic value Is, the
total cross section saturates – it becomes proportional to the logarithm of intensity. This
nonlinear effect is due to multi-photon interactions. We derive the total cross section for
pair production at high energies by resuming the multi-photon amplitudes to all orders in
intensity. We calculate the saturation intensity Is and show that it is significantly lower than
the Schwinger’s critical value. We discuss possible experimental tests.
I. INTRODUCTION
With advent of very intense laser beams, experimental study of the non-linear Quantum Electro-
dynamics in photon-photon interactions is becoming feasible. There is a vast literature discussing
such non-linear effects in collisions of highly intense beams at low collision energies. Among the
expected effects, perhaps the most interesting one is spontaneous electron-positron pair production
out of vacuum (Schwinger effect). In the static limit, this effect is predicted to happen at intensities
of the order of Ic = m
4c6/(4piα~2) = 1029 W/cm2 [1–3]. At lower intensities the pair-production
probability is exponentially suppressed as e−
√
Ic/I , which precludes its experimental observation.
If one superimposes low and high frequency fields, then the threshold for the non-perturbative pair
production can be lower than Ic [4, 5].
Unlike the non-perturbative mechanism, non-linear pair production in perturbation theory is
suppressed only by a power of the ratio I/Ic and may be accessible for observation in the near
future. For example, a possibility to observe the non-linear Bethe-Heitler pair production was
recently discussed in [6, 7]. One can study this process by colliding an energetic proton or nucleus
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2with photon. This process is possible if the center-of-mass energy
√
spγ is higher than the pair
production threshold 2m. At higher energies, the virtual photon emitted by the proton can be
thought of as the equivalent flux of quasi-real photons with spectrum dn(~ω/εp), where ~ω and
εp are the equivalent photon and proton energy correspondingly. The total cross section of the
Bethe-Heitler pair-production is then a convolution of the total photon-photon cross section and the
equivalent photon spectrum. The former is usually calculated under implicit assumption that the
center-of-mass energy
√
sγγ of photon-photon scattering is not too much higher than the threshold
2m.
In this paper we consider non-linear pair production in photon-photon collisions at high energies
√
sγγ  4m. Unlike, the low energy limit, where one-loop diagrams give the leading contribution,
at high energies these diagrams are suppressed∗. Indeed, in the leading order in the perturba-
tion theory, photon-photon scattering is an inelastic process in which photons annihilate into the
electron–positron pair [9]. Since this process is mediated by a fermion, the total cross section at
high energies decreases with energy as σtot ∼ α2/s. To be sure, the total cross section of a process
mediated by a particle of spin j scales with energy as σtot ∼ s2j−2. Therefore, in order to find
a high energy asymptotic we need to consider a process mediated by photons, even though this
process is of higher order in α. In such a process incoming photons split into electron-positron e−e+
pairs that interact via the photon exchange, see Fig. 2. The total cross section for this process is
of order α4; it is energy independent and is given by Eq. (13) [10, 11].
An important aspect of the nonlinear Bethe-Heitler pair production off nuclear targets is strong
coherence effect. At the classical level this leads to a characteristic Z2 dependence of the total
cross section, where Z is the number of protons in the nucleus. Quantum coherence effects produce
a more complicated Z-dependence which can be interpreted as a result of multiple scattering of
e−e+ pair in the nucleus [12–21]. In this paper we study a similar coherence effect in interaction of
a very energetic photon γ with an intense laser pulse `. As I recently demonstrated [22], multiple
scattering of e−e+ pair in a very intense laser pulse produces strong non-linear effect on the pair
production cross section. The corresponding multi-photon diagram is depicted in Fig. 4. The main
goal of this paper is to present a detailed derivation and study the properties of the total cross
section for γ` interaction at high energies including the multiple scattering effect to all orders in
the perturbation theory.†
∗ Some processes in very intense laser beams may be sensitive to the higher order contributions even at low energies
[8].
† Coherence effects in the fermion mediated pair production in intense laser beams are extensively discussed in [23].
3The paper is structured as follows. In Sec. II we introduce the coherence length lc which is
a distance along the energetic photon propagation direction over which pair production is coher-
ent. When lc is much larger than the laser pulse length, all N laser pulse photons interaction
coherently. Such interactions are not necessarily suppressed in the perturbation theory, because
the fine structure constant α is always accompanied by large photon occupation number N , which
is proportional to the beam intensity; the corresponding expansion parameter κ is given by (26)
and (34). Thus, a consequence of coherence is that at high pulse intensities multiple scattering
of the energetic photon on laser pulse photons becomes an important effect. Because of multiple
scatterings the pair-production cross section becomes weakly – logarithmically – dependent on the
laser pulse intensity. Transition from the linear to the non-linear regime is characterized by the
saturation intensity Is given by Eq. (35), which is inversely proportional to duration and wave-
length of the laser pulse. We will show that for a reasonable choice of parameters Is  Ic. The
role of the collision geometry in photon-photon interactions was previously discussed in [23, 24].
In Sec. III we introduce the impact parameter representation and show how it can be used
to derive the pair–production cross section in the linear (Born) regime. The advantage of this
representation is that the multi-photon interactions take rather simple form in it. They are taken
care of in Sec. IV where we employ the Glauber-Gribov model of multiple scatterings [25–27] and
treat the laser pulse as a perfectly coherent state (in the quantum optics sense). The main results
are presented in Sec. V were we derive the total pair–production cross section that includes any
number of multi-photon interactions given by Eq. (25) and the saturation intensity Is given by
Eq. (35). In Sec. VI we discuss the feasibility of experimental study. Finally, we summarize our
results in Sec. VII.
II. GEOMETRY OF THE COLLISION
Let the energetic photon propagate along the “−” light-cone direction with large q+ momentum
(q± = q0 ± qz, with z being the collision axes), while the laser pulse – along the “+” light-cone
direction with large p− momentum. Momenta of the produced electrons and positrons are labeled
in Fig. 1. Conservation of the “+” momentum component implies that
ζq+ + ρq+ +
k
¯
′2
1 +m
2
ζ ′p−
+
k
¯
′2
2 +m
2
ρ′p−
= q+ . (1)
Dividing both sides by q+ and using sγγ = p−q+ we get in the high energy approximation
ζ + ρ+
k
¯
′2
1 +m
2
sγγζ ′
+
k
¯
′2
2 +m
2
ρ′sγγ
≈ ζ + ρ = 1 . (2)
4q = (q+, 0, 0)
p = (0, p−, 0)
k1 = (ζq+, (k
2
1 + m
2)/ζq+,k1)
k2 = (ρq+, (k22 + m
2)/ρq+,k2)
k′1 = ((k
′2
1 + m
2)/ζ ′p−, ζ ′p−,k′1)
k′2 = ((k
′2
2 + m
2)/ρ′p−, ρ′p−,k′2)
l
FIG. 1: Pair production in photon-photon scattering. Four-momentum components are P = (P+, P−,P
¯
),
where P
¯
is the transverse component.
Analogously, from the conservation of the “−” momentum component it follows that ζ ′ + ρ′ = 1.
Momentum transfer l− in the “−” light-cone direction is given by
l− =
k
¯
2
1 +m
2
ζq+
+
k
¯
2
1 +m
2
(1− ζ)q+ + ζ
′p− + (1− ζ ′)p− − p− = m
2 + k
¯
2
1(1− ζ) + k¯
2
2ζ
ζ(1− ζ)q+ (3)
The typical value of the electron and positron transverse momenta is |k
¯1
| ∼ |k
¯2
| ∼ m implying that
l− ' 2m
2
ζ(1− ζ)q+ . (4)
Photon-photon scattering amplitude is proportional to the phase factor exp{i l · xa}, where l is
the four-momentum transfer and xa denotes the four-position vector of the interacting particles.
The total cross section involves integrals of the type (see e.g. (10))
∫ 1
0
dζ ei
1
2
(xa+−xb+) l− =
1
2
∫ 1
0
dy√
1− y e
i 4θ
y →
{ √pi
4
√
θ
e−iθ−
ipi
4 , θ  1
1 , θ  1
(5)
where y = 4ζ(1 − ζ) for 0 ≤ ζ ≤ 1 and we denoted θ = (xa+ − xb+)m2/q+. We can see that for
small θ interaction is coherent over the entire laser pulse. Hence we define the coherence length
(in the “+” light-cone direction) as [28]‡
lc =
ω
m2
, (6)
where we used q+ = 2ω. A characteristic feature of lc is that it increases with energy. Because
the laser pulse propagates in the “+” light-cone direction, all laser photons within the distance
∆x+ = lc interfere during the interaction with the energetic photon. The interaction is completely
‡ Not to be confused with the laser beam coherence length!
5coherent when lc is much larger than the laser pulse length L. One can of course also define the
coherence length in the “−” light-cone direction which is given by 1/l+. This quantity however is
of no interest since we assume that the energetic photon is a structureless particle.
It is instructive to plug in some numbers into (6) to determine the characteristic energies of
the energetic photon and the laser pulse. In usual units, lc = (~ω/mc2)λ, where λ = ~/mc =
3.8 · 10−4 nm is the Compton wavelength of electron. Condition for coherence takes form
~ω
mc2
 L
λ
. (7)
Consider for example a hundred attosecond pulse τ = 10−16 sec which translates into L = τc =
30 nm. Eq. (7) is satisfied for ~ω  40 GeV. For a typical attosecond pulse with frequency in
the xuv domain ~Ω ' 100 eV this condition also guarantees that the high energy approximation
holds. For instance, the center-of-mass energy for ~ω = 200 GeV is √sγγ = 2
√
Ωω ≈ 9 MeV, which
is sufficiently large compared to 4m = 2 MeV.
Concerning the typical distances in the transverse direction, they are of the order of the electron
Compton wavelength λ. Thus, the two relevant geometric characteristics of the laser pulse are its
longitudinal extent L and its width 2d. The former is determined by the laser pulse duration τ , the
later is of the order of the laser beam wavelength λ. For example, laser pulse frequency ~Ω ' 100 eV
corresponds to d ∼ λ = 13 nm, which is much larger than λ. Therefore, we can treat interaction
of an energetic photon with an attosecond laser pulse as a problem of propagation of an energetic
photon through the laser pulse “medium” of length L, width 2d and density ρ = N/(pid2L).
III. PHOTON-PHOTON SCATTERING AT HIGH ENERGIES
It is instructive to consider first γγ scattering at high energies but low intensities. Low intensity
ensures that the multi-photon processes are suppressed. The total γγ cross section can be written
as a convolution of two photon light-cone wave-functions Φ and the imaginary part of elastic
scattering amplitude of two electric dipoles Im [iΓdd] [29–31], see Fig. 2. Photon “wave function”
describes splitting of a photon into a lepton-antilepton pair of transverse size r
¯
with lepton carrying
fraction ζ of the photon’s light-cone momentum. It is given by [32]
Φ(r
¯
, ζ) =
2αm2
pi
{
K21 (rm)[ζ
2 + (1− ζ)2] +K20 (rm)
}
. (8)
6r
r′
ψψ∗
ψ∗ ψ
Im[iΓdd]
FIG. 2: One of the diagrams contributing to the photon–photon scattering at high energies and low inten-
sities. Other diagrams are obtained by all possible permutations of the t-channel photons. Φ = |ψ|2 with Φ
given by (8).
Imaginary part of the elastic scattering amplitude of two electric dipoles of sizes r
¯
and r
¯
′ at impact
parameter B
¯
at the leading order in the perturbation theory reads
Im [iΓdd(r
¯
, r
¯
′,B
¯
, s)] = 2α2 ln2
|B
¯
+ 12r¯
+ 12r¯
′||B
¯
− 12r¯−
1
2r¯
′|
|B
¯
+ 12r¯
− 12r¯
′||B
¯
− 12r¯ +
1
2r¯
′| . (9)
It corresponds to the two photon exchange, see Fig. 2. The total cross section is given by
σγγtot(s) =
1
2!
∫
d2B
∫
d2r
2pi
∫ 1
0
dζ
1
2
Φ(r
¯
, ζ)
∫
d2r′
2pi
∫ 1
0
dζ ′
1
2
Φ(r
¯
′, ζ ′) 2 Im [iΓdd(r
¯
, r
¯
′,B
¯
, s)] , (10)
where the symmetry factor 1/2! is inserted to avoid double-counting of identical dipoles in the final
state of the process γγ → dd, with d = e−e+. Since the scattering amplitude (9) does not depend
on ζ and ζ ′, we can integrate over them.§ It is convenient to introduce an auxiliary function F
F (x) =
2
3
K21 (x) +K
2
0 (x) (11)
and cast the cross section into the form
σγγtot(s) =
1
2!
(
2αm2
pi
)2 ∫
d2B
∫
d2r
2pi
1
2
F (mr)
∫
d2r′
2pi
1
2
F (mr′) 2 Im [iΓdd(r
¯
, r
¯
′,B
¯
, s)] . (12)
These integrals are performed in Appendix A with the result:
σγγtot(s) =
α4
m2
1
36pi
[175ζ(3)− 38] . (13)
We observe that the cross section is energy independent. Thus, we re-derived the well-known result
for the total cross section [10, 11] using the impact parameter representation.
§ Had the integral over B
¯
in (12) required a cutoff, lc would have entered the final result (13) – as it does in the
Bethe-Heitler pair production – and then ζ-integration would have been more complicated. However, no such
subtlety arises here.
7IV. GLAUBER-GRIBOV MODEL FOR MULTI-PHOTON INTERACTIONS
As noted in Introduction, from the point of view of a high energy photon interacting with the
ultra-short laser pulse, the later can be considered as a neutral medium characterized by a certain
number density ρ. Scattering off such a medium involves multiple simultaneous interactions with
many laser pulse photons. A general approach to this kind of problems was developed by Glauber
[25] and Gribov [26, 27] and we adopt this theory for the case in hand.
b’
O
p
B
d
b
FIG. 3: Geometry of the photon-laser pulse interaction in the configuration space. d is the dipole associated
with the energetic photon, p is a photon in the laser pulse, O is the position of the symmetry axes (orthogonal
to the page).
Elastic scattering amplitude of a dipole – produced by the energetic photon – on a laser pulse
iΓd` is simply related to the scattering matrix element S as Γd`(s,B
¯
) = 1− Sd`(s,B
¯
). Laser pulse
is a coherent state, therefore interactions of the dipole d with different photons in the laser pulse
are independent. This implies that only two-body interactions must be taken into account, while
neglecting the many-body forces [25]. Thus, the laser pulse average of the amplitude reads
〈Γd`(r
¯
,B
¯
, s)〉 = 〈1− Sd`(r
¯
,B
¯
, s)〉 = 1− 〈Sdγ`(r
¯
,B
¯
, s)〉N = 1− [1− 〈Γdγ`(r
¯
,B
¯
, s)〉]N , (14)
The average in (14) is performed using the number density ρ(b
¯
, z) of photons γ` in the pulse
normalized such that ∫
d2b dz ρ(b
¯
, z) = N . (15)
We have
〈iΓdγ`(r
¯
,B
¯
, s)〉 = 1
N
∫
d2b
∫ L/2
−L/2
dz ρ iΓdγ`(r
¯
,b
¯
′, s) , (16)
where b
¯
′, B
¯
and b
¯
are the impact parameters between the dipole d and photon γ`, dipole d and the
laser pulse symmetry axes and photon γ` and the symmetry axes, see Fig. 3. Obviously, b
¯
′ = B
¯
−b
¯
.
Assuming for notational simplicity that ρ is independent of z we get
〈iΓdγ`(r
¯
,B
¯
, s)〉 = L
N
∫
d2b ρ(b
¯
) iΓdγ`(r
¯
,B
¯
− b
¯
, s) . (17)
8The limit that we are interested in is N  1 while N〈Γdγ`〉 ∼ 1. Taking this limit in (14)
produces
〈Γd`(r
¯
,B
¯
, s)〉 = 1− exp{−N〈Γdγ`(r
¯
,B
¯
, s)〉} . (18)
The problem of calculating the scattering amplitude of the dipole d on a system of N laser photons
thus reduces to the problem of calculating the scattering amplitude of the dipole d on a single
photon Γdγ` .
r
r′
...
p
q
l
FIG. 4: Interaction of an energetic photon (upper wavy line) with an ultra-short intense laser pulse (lower
wavy line). Horizontal ellipses indicates summation over exchanged t-channel photons, vertical ellipses
indicate summation over all photons in the laser pulse. Note that the t-channel photons can hook up to
either fermion or anti-fermion lines (only one configuration is shown).
We estimated in Sec. II that b′  d. Because b ∼ d it implies that b′  B ≈ b. Changing the
integration variable in (17) b
¯
→ b
¯
′ we derive
〈iΓdγ`(r
¯
,B
¯
, s)〉 ≈ L
N
ρ(B)
∫
d2b′iΓdγ`(r
¯
,b
¯
′, s) . (19)
Employing the dipole representation with respect to the laser photon γ` we write
iΓdγ`(r
¯
, b
¯
′, s) =
∫
d2r′
2pi
∫ 1
0
dζ ′
1
2
Φ(r′, ζ ′) iΓdd(r
¯
, r
¯
′,b
¯
′, s) . (20)
The b
¯
′-integral in (19) can be taken using (A3).
Diagram Fig. 5(a) represents the leading contribution to the real part of the dipole-photon
scattering amplitude. It vanishes due to the C-invariance of QED (Furry’s theorem). Higher order
contributions to the real part of the dipole-photon amplitude are given by diagrams with odd
number of exchanged photons. They vanish for the same reason. Therefore, the dipole-photon
amplitude is purely imaginary at high energies. The leading diagram is shown in Fig. 5(b). The
corresponding dipole-dipole amplitude is given by (9).
9(a) (b)
FIG. 5: Leading order contributions to the dipole-photon elastic cross section. The upper dipole is associated
with the energetic photon. The horizontal wavy line is a photon in the laser pulse.
V. SATURATION AT HIGH INTENSITIES
Since at high energies coherence length lc becomes larger than the laser pulse length L, the
dipole d can simultaneously interact with any number of photons γ`. To take this into account we
use the unitarity relation applied to the elastic scattering amplitude at given impact parameter.
The unitarity relation reads
2 Im (iΓd`) = |Γd`|2 +Gd` , (21)
where Gd` stands for inelastic scattering amplitude. Using (18) we can solve (21) as
Gd` = 1− e−N〈Im (iΓdγ` )〉 . (22)
It follows that the total dipole–laser pulse cross section is given by
σd`tot = 2
∫
d2B
{
1− e−N〈Im (iΓdγ` )〉
}
(23)
The total cross section for the γ-` scattering then reads (see (10))
σγ`tot(s) =
1
2
2αm2
pi
∫
d2B
∫
d2r
2pi
F (mr)
{
1− e−N〈Im [iΓdγ` (r¯,B¯ ,s)]〉
}
(24)
Combining together (9),(19),(20) and (24) yields
σγ`tot(s) =
α
pi
∫
d2B
∫ ∞
0
duuF (u)
×
{
1− exp
[
− 8α
3ρ(B)L
m2
u4
∫ 1
0
dξ ln
e
ξ
(
ξ3F (uξ) + ξ−3F (uξ−1)
)]}
, (25)
where ξ and u are dimensionless variables defined in Appendix A.
Let us analyze the relative magnitude of the the multi-photon processes as compared to the
leading Born approximation. To this end, we introduce parameter
κ =
8α3ρL
m2
(26)
10
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L
FIG. 6: Function g(u), see (27).
and an auxiliary function
g(u) = u4
∫ 1
0
dξ ln
e
ξ
(
ξ3F (uξ) + ξ−3F (uξ−1)
)
(27)
and split the integral over u in (25) into two integrals:∫ u0
0
duuF (u)
{
1− e−κg(u)}+ ∫ ∞
u0
duuF (u)
{
1− e−κg(u)} , (28)
where u0 is defined such that
κ g(u0) = 1 . (29)
Let κ  1, i.e. consider a low intensity laser pulse. Function g(u0) in the l.h.s. of Eq. (29) is
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t
Γ
{
dl
og
I
(a) (b)
FIG. 7: (a) Total γ` cross section and (b) its logarithmic derivative as a function of κ = I/Is. The broken
line in (a) indicates the Born approximation (30).
monotonically increasing and g(1) = 0.72, see Fig. 6. Moreover, g(u) ∼ lnu at large u. Therefore,
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(29) can be satisfied only at u0 ∼ e1/κ  1. On the other hand, large values of u are suppressed in
the integrand of (25) because F (u) ∼ e−2u. Hence the second term in (28) can be neglected, while
in the first term we can expand the exponent and set the upper limit of integration to infinity.
This reproduces the Born approximation (cf. (13))
σγ`tot(s) =
α4N
m2
1
36pi
[175ζ(3)− 38] = αpid2 κ 1
288pi
[175ζ(3)− 38] , κ 1 . (30)
Turning to the opposite limit of high intensities κ  1, we see from Eq. (29) that obviously,
u0  1 . Then, g(u) ∼ u2 ln2 u and u0 ∼ 1/
√
κ. Now, we can neglect the first term in (28), which
yields higher orders in u0, whereas the second term in (28) gives the following contribution in (25):
σγ`tot(s) =
α
pi
∫
d2B
∫ ∞
u0
duuF (u) =
α
pi
pid2
2
3
ln
1
u0
=
1
3
d2α lnκ , κ 1 . (31)
At such high intensities Born approximation breaks down as the multi-photon processes become
of the same order of magnitude.
It is also instructive to look at the logarithmic derivative of the total cross section with respect
to κ. This quantity exhibits a non-trivial pre-asymptotic behavior at large κ such that log κ & 1.
We have using κu20 ln
2 u0 ∼ 1 and (25):
dσγ`tot
d lnκ
=
1
2
dσγ`tot
d ln 1u0
(
1− 1
ln 1u0
)−1
≈ 1
3
αd2
(
1 +
1
ln
√
κ
)
, κ 1 , lnκ & 1 . (32)
This behavior is clearly seen in our numerical calculation in Fig. 7.
To estimate κ defined in (26), note that the average number of photons in the laser pulse of
frequency Ω and total energy E2V is N = E2V/Ω, where E is electric field and V is volume.
Therefore, the mean photon density is
ρ ∼ E
2
Ω
=
I
Ω
, (33)
where I is the laser pulse intensity. Substituting this into (26) gives (in usual units)
κ ∼ 4I
pi~c
α3τλ2λ . (34)
Given the values of L (that must be short enough for the formalism of this paper to apply) and Ω,
the value of intensity at which multi-photon effects become important – the saturation intensity –
reads
Is =
pi~c
4α3τλ2λ
. (35)
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It is convenient to express Is in terms of the critical intensity Ic at which the perturbative QCD
vacuum becomes unstable with respect to spontaneous pair-production [1–3]. Spontaneous pair-
production is another example of the non-linear effect in QED that – unlike the process considered
in this paper – is intrinsically non-perturbative. From Ec ∼ m2/e we get I ∼ m4/e2. Thus,
Is =
pi2 λ2
α2λL
Ic . (36)
For the values of λ and L that we use throughout this paper we obtain that Is is about 10
4 − 105
times smaller than the value of the critical intensity Ic. At high laser pulse intensities I  Is, the
total cross section saturates. The limit is given by Eq. (31).
Finally, when κ & 1 contribution of the elastic channel to the total cross section catches up
with the inelastic one. Elastic channel corresponds to the processes γ`→ e+e−` in which the laser
pulse stays intact. The inelastic channel is γ` → e+e−e+e−, i.e. the laser pulse looses coherence
and destroyed. Using Eq. (21) elastic cross section is given by
σγ`el (s) =
αm2
pi
∫
d2B
∫
d2r
2pi
F (mr)
(
1− e− 12κg(mr))2 . (37)
VI. POSSIBILITY OF EXPERIMENTAL OBSERVATION
As explained in Introduction at asymptotically high energies the process of electro-positron
pairs production advocated in this paper is dominant since the corresponding cross section scales
as σ(1) ∼ s0; the superscript 1 indicates the spin of the mediating particle (photon). This process is
characterized by the multiple pair-production in a single collision γ`→ n(e+e−), n ≥ 2. However,
at moderate energies, that are presently available, it competes with the single pair production
γ`→ e+e−¶, mediated by a fermion. The corresponding cross section at the lowest order is given
by
σ(1/2) =
2piα2
s
(
ln
s
m2
− 1) . (38)
Comparing this equation with (13) that gives σ(1) at the leading order we conclude that the multi-
pair production becomes the leading source of e+e− pairs when sγγ > m2/α2. Let us denote
β2 = sγγ/(4m)
2 = ωΩ/(4m2). High energy limit means that β  1. Hence we can distinguish the
following two kinematic regions (I) 1 β  1/α where single pair production dominates and (II)
β  1/α where multiple pair-production discussed in this paper takes over.
¶ I would like to thank the anonymous referee of this paper for drawing my attention to this point.
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For discussion of experimental applications it is convenient to determine what are the min-
imal/maximal values of parameters at which the process discussed in this paper is possible to
observe. For a given laser pulse length L, Eq. (7) implies that the minimal energetic photon energy
is ωmin = m
2L. For a given β the minimal laser frequency is Ωmin = 4β
2/L. Then using (36) we
obtain in usual units
ωmin = mc
2 L
λ
, Ωmin =
4β2c
L
,
(
Is
Ic
)
min
=
2pi β2
α2
(
λ
L
)2
. (39)
In the kinematic region (I) one has to select pairs produced via the multiple pair production
mechanism among the majority of pairs produced via the single pair production. We suggest
that this can be done by studying the azimuthal correlations of electron and positron. To this
end note, that due to momentum conservation, electron and positron produced in the process
γ`→ e+e− have momenta k
¯e
− = −k
¯e
+ in the center-of-mass frame. On the contrary, the azimuthal
correlations in the multiple pair production process are spread over a wider range of azimuthal
angles. Thus, by vetoing the pairs correlated back-to-back one performs the required selection.
Similar measurements have been done at hadronic colliders. However, assessment of the practical
significance of this method in our case requires numerical simulations with realistic experimental
parameters.
Now, consider for example, a τ = 100 as pulse which corresponds to L = 30 nm. Then, using
(39) we obtain ωmin = 50 GeV, Ωmin = 200 eV, where I used β
2 = 10. As explained in the
Introduction, these parameters are certainly within the experimental reach if one uses the modern
portable ultra-short lasers at the relativistic particle accelerators [7]. Although at present the ratio
Is/Ic ∼ 10−4 is not small enough for such lasers, one may be able to observe small deviations from
the linear behavior.
The kinematic region (II) is ideal for studying the asymptotic behavior of the γ` scattering.
However, for Ωmin = 200 eV one needs at least ωmin ' 100 TeV which is beyond the experimental
reach. A possible solution would be to employ lasers operating in the X-ray region for which a
much lower ωmin will suffice. This option hinges on the availability of portable versions of such
devises in future. In general, it would be optimal to have energetic photon with as high energy ω
as possible while the frequency Ω and pulse duration τ of the laser pulse as low as possible. Indeed,
the lower Ω, i.e. the higher λ, the lower is Is according to (35).
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VII. SUMMARY
In summary, we studied pair production in scattering of energetic photon on an intense at-
tosecond laser pulse at high energy. The asymptotic behavior of the corresponding cross section
is governed by exchange of virtual photons in the t-channel. We resumed all multi-photon ampli-
tudes to derive Eq. (25) which is the main result of our paper. The method that we employed was
recently used to obtain some well-known results of QED [20, 21] and has been an important tool
for studying the high energy QCD for a long time [33]. Nevertheless, it would be instructive to
re-derive the results of this paper in a more traditional approach based on exact solutions of Dirac
equation in an external laser field, see e.g. [23]. This may give some new insights into the nature
of the non-linear pair production at high energies. We plan to consider this problem elsewhere.
Based on our results we argued, that the geometry of the high energy interaction is such that the
laser pulse appears to be wide and short, i.e. the energetic photon probes distances in the transverse
plane that are much shorter than the pulse width. On the other hand, the interaction coherence
length can become larger than pulse length. In this case the energetic photon interacts coherently
with the entire laser pulse. At low intensities, the pair production cross section is proportional
to the pulse intensity. However, at intensities I & Is the cross section saturates: it grows only
logarithmically with intensity. This behavior is a clear signature of the multi-photon effects.
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Appendix A
Here we evaluate the integrals appearing in (12). Using the identity∫
d2l
l2
(
eia¯
·l
¯− eib¯·l¯
)
= 2pi ln
b
a
, (A1)
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where a = |a
¯
|, we replace the logarithms in the imaginary part of the amplitude by two integrals
over momenta l
¯
and l
¯
′. Integral over B
¯
then reduces to the delta function δ(2)(l
¯
− l
¯
′) and we obtain∫
d2B Im [iΓdd(r
¯
, r
¯
′,B
¯
, s)] = 2α2
∫
d2l
l4
[
eil¯
·(r
¯
−r
¯
′) 1
2 − e−il¯·(r¯+r¯
′) 1
2 − eil¯·(r¯+r¯
′) 1
2 + e−il¯
·(r
¯
−r
¯
′) 1
2
]
×
[
e−il¯
·(r
¯
−r
¯
′) 1
2 − eil¯·(r¯+r¯
′) 1
2 − e−il¯·(r¯+r¯
′) 1
2 + eil¯
·(r
¯
−r
¯
′) 1
2
]
. (A2)
Each term in the l
¯
-integral is logarithmically divergent and requires regularization at some scale
lm. This scale cancels out from the final result that reads∫
d2B Im [iΓdd] = 4piα2
(
r2 ln
|r
¯
− r
¯
′||r
¯
+ r
¯
′|
r2
+ r′2 ln
|r
¯
− r
¯
′||r
¯
+ r
¯
′|
r′2
+ 2r
¯
· r
¯
′ ln
|r
¯
+ r
¯
′|
|r
¯
− r
¯
′|
)
. (A3)
Integration over angle ϕ between the directions of vector r
¯
and r
¯
′ can be done using the integrals∫ pi
0
dϕ ln
|r
¯
− r
¯
′||r
¯
+ r
¯
′|
r2
= −2pi ln min{r
′, r}
r′
, (A4)∫ pi
0
dϕ rr′ cosϕ ln
|r
¯
+ r
¯
′|
|r
¯
− r
¯
′| = pimin{r
′2, r2} , (A5)
After some simple algebra the cross section (12) takes form
σγγtot(s) =
16α4
pim2
∫
d2u
2pi
u4F (u)
∫ 1
0
dξ ξ3F (uξ) ln
e
ξ
, (A6)
where u
¯
= mr
¯
and ξ = r′/r. Substituting the following Fourier images
u2K20 (u) =
∫
d2p
2pi
e−iu¯
·p
¯
8[p(1 + p2)
√
4 + p2 − (4 + 2p2 + p4) arcsinh(p/2)]
p3(4 + p2)5/2
, (A7)
u2K21 (u) =
∫
d2p
2pi
e−iu¯
·p
¯
4[p(p2 − 2)
√
4 + p2 + 8(1 + p2) arcsinh(p/2)]
p3(4 + p2)5/2
, (A8)
into (A6) converts the u
¯
integral into the delta function. Removing it, integrating over ξ and then
over p
¯
gives after rather lengthy calculations the final result (13).
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